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L. SUMMARY OF WORK

The efforts during the past report year~ were concentrated on the
following problems: '

» (1) The relation betweon structure of cpitexial films and swrface
and interfacial energies.

(2) Quentitetive studies of the elastic and inelastic interactions
of slow electrons with tungsten single crystal surfaces.

(3} The determination of nature and svructure of surface layers with
low energy electron*diffraction.

(k) The relation botween structure end clectron emission properties
of work Tunction rcducing layers on tungsten {110 planes.

(5) Momentum exchange of atoms on well defined single erystel surfaces.
(6) fTheory of low energy electron scalilcring.

The work on problems (2) and (5) was nearly completely concerned with equip-
ment constructioa, modification and testing. Problems (1) and {4) involved
considerable, problem (3) minor eq*;prrnt improvenent Therefore mosti of the
results were obtained in problem arcas (1), (3) and (h).

IT. The relation between structure of epitaxicl films and surface and
interfacial energies (A. K. Green and E. Bauer).

The work during the past year in the area of epitaxy has been a contin-
uation of the effort to contribute to the solution of the problem of the
influence of the interface on the epitaxial growth of thin films on well
characterized surfaces. Tne first part of the year was spent in carefully
analyzing our recent experimental results and comparing them with other inde-
pendent work. This effort has been reported in the First and Second Quarterly
Reports (see also ref. VIII (2), (L), (5), (7)). Briefly, some of the main
results obtained are: (1) The phencueronnf epitaxy is highly specific for each
film substrate pair, as exhibited conclusively by simultenecus deposition onto
air and vacuum cleaved surfaces of Nall end KCl. (2) The nucleation rete is
significantly less on the vacuum cleaved surface. (3) Several orientations
are observed which have not been reported previously. (L) The coa’esccnca
stage of the filn growih is extremzly importent and the in situ reflectio
electron dlffI&CJIOL paf terns differ considerably from the results obtain 6
by standard treanssissic e}ecuron diffracticon end micrescony of films reoove
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Quarterly Report indicate thet the phenomonologicasl ihouvy con best account

for nucleasion but that at present no theory is adequaot The role of inter-
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facial ond free surfece energics in the coalescence prouess is cmphasized as

well a8 the importence of the twin boundury energy and chemical reoactions.

Efforts 1o study the growth of IaCl on air and vecuunm cleasved Nall
produced the preliminary surprising result thet twinning occurs preferentiaily
on the (clean) vacuum cleaved side and not on the (contaminated) air cleaved
side wvhere it would be exppcted vreferentially. This work has been postponed
due to vacuun nroblems arising frow the heavy outgassing of haCl when heated
to evaporation temperauur—.

The experiments described ebove and many others show that adsorbed
gases play a major role in crystal growth on surfaces So can impurities
diffusing out of the bulk when heated or evolved durlng cleaving., It is
therefore important to understand the gas desorption and evolution processe:s
from alkali halides. Therefore a quantitative study of the gases evolved
frow NaCl upcn linear temperature increesse hes been started which has produced
the following results to date: (1) The major gas being liberated is Hp0.

{2) NaCl which has been deliberately exposed to .0 exhibits large bursts o
Hp0 in roughly reproducible temperature regions. (3) FaCl which has been
frcohly cleaved in alir exhibits Hy0 desorption peaks in roughly the same
temperature regions in which bursts from HQO exposed specimens‘occur.

ITI. OQuantitative studies of the elastic and inelastic interactions of
slow electrons with tungsten single crystal surfaces (J. 0. Porteus).

Progress has been made in producing tungsten single crystal surfaces
of satisfactory quality for quantitative intensity neasurements. The sbiliiy
to maintain sample cleanliness during the required scanning times wvas investi-
gated and found to be inadequate with the present oil- diffuvion punping systen.
Replacement with an electrostatic ion pump is now in progress. Also, an
avtomatic voltege-scanning and beawm-tracking system has been developed for
rapid intensity vs. voltage measurements. Preliminary intensity vs. voltago
measurcments of the (00) beam form a W (110) surface have been obtained, along
with preliminary inelastic scattering measurements from this surface. TPFurther
developments were made in mathematical methods for differentiation and improve-
ment of resolution of the inelastic data (Fncl. 2).

Iv. The determination of nature and structure of surface layers with low
energy electron diffraction (E. Bauer).

The low energy electron diffraction (LEED) studies during the past year
can be divided up as follows: (1) A study of specific problems in the growth
of f.c.c. metals on alkali halides. (2) The interpretation of complex LEED
patterns. (3) A study of the systems Sr-0-C-V,

(1) Two specific problems were studied: (a) The structural differences
between air cleaved Hall surfaces and Hall surfaces cleencd by heating to 500 ec.
No differcrnce in the latiice veriodicity was found, only the background on lhe
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air cleaved suvrface was higher indicaling rondem distribution of the
"adsorbed” impuritics. (b) The correlation between Lthe 1/5 structure
observed in refleeticn clectron diffraclion (RED) on epitoxial Au Tilnms
with the LEED (5x1) structure on bulk (100) Au single erystals., No LERD
pallern could be obtained from the Au film. In view of thc much larger
information obtained from RED studics (sce I the LFLD experis
soon terminated.

wonts were

IS

.

(2) Many complex LEFD patiterns have been reported in the literature
for surfaces covered with adscorption layers and also for clean surfaces.
Most of thesc patierns have bLeen atiributed to complex exotic two-dimensional
superstructures. We have sugrested previously that many of these patterns
are probably produced by double scattering betwecen superimposed well known
structures. The experiments to be described below in which many such "super-
structure" patterns are observed mzde it necessary to examine their origin
more closely and to develep interpretation techniques. This has been done
and illustrated vy a number of examples (sce Enel. 1).

(3) Most of the LEED effort vas concertrated on the study of the
system Br-0-C-VW, which turned out to be very ccmplex. Tt st

a study of the system Sr0-W {110} in connection with +the studies of the
relation between work function and surfuce structure (sce V). It soon
turned out that the low temperature (30-700°C) growth of Sr0 £ilnes and their

work function coild be understood only if the influence of the major residual

gas component, i.e. CO, would be known. Alsc the formstion of complex high
temperature reaction products between Sr0 and W indicoted that the high
temperature reactions between 0, and W musi te understood first. The study
of the Sr0 system (see ref. VIII (6) for some of the results) thus lead to
the study of the systems CO-W {110} and oxygen-¥ {110}, systcms which
recently have reccived much attention for a quite diffcrent reason, i.e,
because of the controversy regerding surface recoustruction upcen adsorption
(see ref. VIII (3)). Considerable experimental material has been sccumnulated
during the second half of the report year. However the conclusions wvhich can
be drawn Trom these experiments are so much in contradiction to the generally
accepted views not only of CO and 05 adsorption on W, but also of many other
adsorption processes, that we believe a repetition of our experiments and
collection of additional experimental evidence is necessary before our con-
clusions can becone acceptable. These conclusions are in short: (1) the
strongly bound R adsorption layersobserved in many adsorption systens are

not adsorption layers in the classical sense, but thin reaction layers
betwvecen crystsl end gas; (2) the various 8 states reported are not due to
adsorption on different planes, but correspond to different binding states

in the reaction layer on one and the same surface; (3) except at very low
temperatures CO adsorption in gencral leads to carbonyl formation so that a
metal surface salurated with CO is covered with a metal carbonyl layer; the
species desorbed from such a surfuce may be to a large extent carbonyl.

These conclusions, at least in the casa of CO, are correct only if it can be
shown that the gas pressure and surface coverage experiments on which the
presently sccepted vicws of chemisorption are based are in error by a factor
of 3 or more. Fyperirconts vlanncd for the followirg year should clarify ihis

discrepancy end determine whether our con ere corvect or not.




V. The rclalion between structure and eleciron emission proverties of
vork function rcducing layers on W {110} planes (G. Turner and

E. Bauer).

During this report year, the primary system under investigation has
~been Sr0-W {110}, 7The results of this work have shown: (1) a monotonic
decrease in wok function as a function of film thickness, with no ordercd
surface structure, for Sr0 deposited on W {110} at rocm temperature; (2) a
minimum is observed in the work function for increasing annealing tempera-
ture of the Sr0 film together with a definite ordering of the surface
structure; (3) as the SrO film is heated, regions of very high photoelectric
emission appear which can be correlated with the work function minimum.
There is, in general, a very comnlex dependence of the structure and emission
properties of the Sr0-¥W {110} systems upon film thickness, annealing time
and temperature, and deposition rate. '1he results obtained cannot be ex-
plained by the dipole-layer theory and for a better understanding other
systems must be studied. Late in the year, a study of the Ba0-W {110} syst:m
was initiated vhich ds still in progress. Ko results are available at this
time. In support of the extension of the investigation, lonpg lived and
highly directional evaporation sources have been develonsd for the alkaline
earths and their oxides. Work is continuing on the magnetic deflection
system and associated electron ovotics for the modification of the UHV low
energy reflection electron microscope: An improved electron source for the
microscope is also being developed in the form of & field emission gun.

VI. Momentum exchange of atoms on well defined single crystal surfaces
(W. Faith and E. Bauer).

This project has been in the equinment construction and testing stage
during this report year. The equipment combines a molecular beam and a LIEED
system so that the surface condition of the single crystal specimen can be
checked at any moment during the molecular beam exveriment. The imvortance
of this is obvious (see the project pronosal). fThe construction of the
molecular beam attachment to the LEED system weos completed after the first
half{ of the rewvort year. Subsequent testing revealed a major problem, even
after improvement of the nozzle design: the pumping speed of the Vaclon
pumping system for a steady state load of Ar in the 107~ torr range was too
slow. As a result the beam flux at the surface was small compared to the
random flux and no scattering patterns could be obtained. It was therefore
decided towards the end of the report year to build a diffusion pump systen
for this project, which at the same time will extend the versatility of the
experiments: it will also allow study of the momentum exchange of He and of
other gases poorly pumped by Vaclon pumps. This work is still in progress.
VII. Theory of low energy electron scattering (E. Baver).

Little effort and consequently little progress wes made in this area
during this renort year. The work on relativistic effects was continue
mainly to obtain an understanding of the magnitude of the influence of
exchange and polarization. Polarizstion was found to be unimportant dom
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to about 1 eV for lig, but the influence ol exchange s expressed by the
condition of orthogonality of bound and free electron wave functions seems
to be significant asccording Lo preliminary calculations. Work on develop-
ing efficient techniques for the calculations of scattering phases by aloms
and ions has continued. The theory of diffraction by crystals has been
developed in the second Born approximztion to the stage ready for propram-—
ming. Numericil calculations are planned for the Tollowing year.
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Multiple Scattering Versus Superstructures in
Low Energy Electron Diffraction

E, Bauer
Michelson Laboratory, China Lake, California, 93555, U.S.A.

LEED patterns indicating a long periodicity of the surface
layer are discussed in terms of double scattering between
short-period structures occurring in the bulk. It is shown
that the geometry of the diffraction pattern does not permit
a distinction between a true two-dimensional superstructure
and superposed two- or three-dimensional structures ("pseudo-
superstructure") giving rise to the same lateral periodiecity
as the superstructure. Several examples for such pseudo-

superstructures are given.

I. INTRODUCTION

Although the importance of multiple scattering in LEED has been
pointed outl’2 and applied to complex diffraction patterns3_some time ago,
most of the more complicated LEED patterns reported to date--with a few
exceptions, e.g. for NiO on the {111} Ni planeh or for Cu on the W {110}
planes-—have been explained in terms of single scattering, leading to
complex two-dimensional surface structures commensurate with the complexity
of the diffraction patterns. This limited use of the multiple scattering
interpretation is in part due to a misconception of the diffraction process
and in part a consequence of the expectation tﬁat surfaces havé a tendency

to form complicated two-dimensional structures.6 It is the purpose of

Enc] 1



this paper to correct this misconception (Sect. II) and to illustrate

with a few examples that the complex LEED patterns can be interpreted in
terms of multiple scattering by superimposed well known structures (Fig. 1b)
so that no exotic two-dimensional surface structures (Fig. 18) have to be

assumed (Sect. III).

II. THEORY

The misconception mentioned is based on an oversimplified picture of
the diffraction process as illustrated in Fig. 2a, which shows a section
normal to the surface through the superposed reciprocél lattices of two
crystals with different lattice constants. It is assumed that double
scattering requires the possibtility of diffraction in each crystal indi-
vidually, i.e. the Ewald sphere nust pass through both sets of reciprocal
lattice rods. As a consequence, significant multiple scattering should
not occur for energies below 10-20 eV, where the Ewald sphere is too small
to fulfill this condition. If a large periodicity is observed at such low
voltages it is.concluded that the pattern is produced.by a real two-
dimensional surface structure with long periodicity. This conclusion seems
to be supported by the widely accepted assumption of a negligible penetra-
tion depth of such slow electrons. This assumption however is contradicted
by photoelectric measurements which indicate that even slower electrons
than those used in LEED can penetrate}several atomic layers; Unless one
invokes a Ramsauer-Townsend effect even the slowest electrons used in LEED
should therefore be able to penetrate several atomic layers. The Dbasic
picture of the scattering process as outlined ebove is based on the erro-

neous assumption that the diffraction process can be divided up into well




defined scattering proéesses in the two différent crystals, Actually,
the scatterer consisting of the superimposed crystals responds as a
whole to the incident wave and reflects waves corresponding to all
periodicities within the scatterer including that produced by the super-
position of the crystal. The Ewald construction mustvtherefore be per-
formed in the reciprocal lattice of the pseudosuperstructure (Fig. 2b)
formed by the two superimposed crystals (Fig. 1b) Jjust as if there were
& real two-dimensional long periodicity structure on the surface (Fig. la).
Consequently, the appearance at very low energies of a LEED pattern
corresponding to a "superstructure" does not permit distinction between
the surface structures illustrated in Fig. 1.

This can be seen in the following manner: The scattering amplitude

of the séattering volume  at large distance is given by

1 -iker!' t [} ' v
f=- g | e~ Ulxv(rar | (1)
Q
where ¢(r') is the wave function of the electron involved in the scatter-
ing process in the scatterer and U(r') is the scattering potential. If

the lateral periodicity of the "superstructure" formed by the superposition

of the two different lattices with the unit cell dimensionslgl,_g and;g

2 1’
32 parallel to the sgrface is given by the vectors‘sl = All 2 + A12432 =
Bia 2y * B Bp andigp = Ay By Ay 2 = By By + Byp Dy, then for any
3 | QPSS }
point r s + mogy + m, S5
' = '
U(ﬂx:_o + m g + m, 32) U(E'-o) s (2)

where m,, m, are integers. The wave function at equivalent points of the

"superstructure" differs only by a phase factor. For an incident plane
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AV\"OM-
wave wo = e we have

ik *(m, c, + m, c.)
W(r) +m ¢y +m,c =0 Al e wrl) . (3)

With (2) and (3) the integration (1) over the whole scattering volume can
be broken up into a summation over all "superstructure" unit cells and an

integration over the 'superstructure” unit cell:

-i(k-koMm,c. + m,c,) ~ik-r
e | fe *u(zulzldaz! ] = 6oF L (4)

f = z e - Er_r-
™ My Q
(o]

The intensity distribution of the scattered wave is proportional to

|f|2 = |G|2 |F|2. The "lattice amplitude” G determines the directions of
the diffracted waves and the "dynamical structure amplitude”" F determines
their relative intensities. The integration in F extends over all points

within the "superstructure” unit cell which is a column normzl to the

crystal surface with the cross sectionisl * 85 and a height |£3| determined |
by the penetration depth of the electron wave field. At present the calcu-
lation of F is only a partially solved problem even for simple structures
and will not be considered here. Instead the discussion will be limited
to the direction of the diffracted waves, i.e. to the diffraction spot

positions on the fluorescent screen, as determined by the lattice amplitude.

The summations over m, and m, in (4) can be easily performed leading

1 2
to
.21 .21
5 sin 5 MlKl sin 5 M2K2
IG(,.}S.)l = 21 21 (5)
sin §-Kl sin §—K2

for a scatterer consisting of Ml- M, "superstructure” unit cells. Here



K=k -‘ko has been expressed in terms of its components with respect to

M s

the axeslsg of the reciprocal lattice of the "superstructure":

= ¥ * ¥
Ak et K85 K388

R 2 .
|G|2 has maxima of height Ml . Mg whenever Ki = 2nhi (hi integers), which

are very sharp if M, and M2 are large. Strong diffraction will therefore

1
occur when
t

bt . .
K=k -k =2n(hy ct +n, k) ,

i.e. the differences between the tangential components of the incident and

reflected wave vectors must be vectors in the reciprocal lattice of the
"superstructure"; This is true both for real superstructures (Fig. 1b)
and apparent superstructures (Fig. la), so that the Ewald construction in
both cases must be as indicated in Fig. 2b, q.e.d. The distinction
between the two cases is possible only by an intensity analysis because
the distribution of the atoms within the "superstructure" unit cell which

distinguishes the two cases shows up only in the structure amplitude F.

I1I. PATTERN INTERPRETATION PROCEDURES

The interpretation of '"superstructure" patterns is based on the
assumption that the pattern is produced by the superposition onto the
substrate crystal of a very thin layer of a crystal with a structure and/
or orientation different from that of the substrate. With the substrate
structure and orientation known the problem is to determine the structure
and orientation of the surface layer., It can be solved only with some
knowledge of the atomic species present in the surface layer. With this

knowledge usually only & small number of crystallographic structures have




to be considered in the interpretation. process, For example--to take a
complicated case--after the reaction of oxygen with pure tungsten under
clean conditions there are less than ten oxide strucéures corresponding
to different oxygen content or different polymorphic forms. A systematic
study of the relation between diffraction patterns and experimental
conditions--such as the oxygen exposure in our example--further reduces
the number of probable crystal structures. The next step is the selection
of the probable orientations of the surface layer. Here some energetic
considerations are useful: of all the orientations which may be férmed
those having the lowest values of o + ci.are the most probable. The
specific free surface energy o of the surface layer has its lowest values
for equilibrium planes, while the specific free energy o of the interface
between surface layer and substrate is lowest for orientations with a
small ﬁismatch. The word mismatch is here used not only to mean deviation
from a one to one coincidence of the substrate and layer atoms at the inter-
face but also includes deviations from configurations where every nth layer
atom coincides with every mth substrate atom (n, m integers)T

Once a set of crystal structures and orientations have been chosen
the reciprocal lattices of the superimposed structures are constructed by
edding all tangential components (with respect to the crystal surface) of
the reciprocal lattice vectors of both crystals. Of all the patterns
constructed in this way the one which agrees best with the observed pattern
is selected. Frequently no complete fit is achieved.and lattice distortions
in the surface layer up to several percent must be accepted in order to

obtain agreement with experiment. This is one of the major limitations
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of the pattern interpretation, especially in the case of surface layers ,
with low symmetry vhere several structures or orientations may be compat-
ible with the diffraction pattern if distortions up to several percent are

allowed. We will now illustrate these procedures by some examples.

IV. EXAMPLES OF "SUPERSTRUCTURES"
1. Sixfold Symmetry on Sixfold Symmetry
We consider the simplest case, i.e. identical symmetry--here sixfold

two-dimensional symmetry--and orientation. Such a case is observed when

Ag is deposited onto a Cu {111} surface (Fig. 3d). Because fhe deposition |
was carried out under well defined conditions (well outgassed Ag source, : ‘
_good vacuum and clean Cu surface) there is no doubt that the surface layer
consists only of Ag atoms. The {111} plane of Ag has the lowest specific
free surface energy and was therefore assumed to be the free surface of

the thin layer, i.e. to be parallel to the surface. Figure 3a shows the
corresponding reciprocal lattice, Fig. 3b that of the substrate, and Fig. 3c
that of the superposition of both crystals., In Fig. 3¢ only a small numbter
of the reciprocal lattice points are shown, namely those which are near

the Cu reciprocal lattice points, as observed in Fig. 3d. This concentra-
tion of diffracted intensity in directions near the beams diffracted by the -
substrate is characteristic for many diffraction patterns of thin surface
layers. From the agreement between constructed and observed pattern and
from the fact that this pattern is already observed at very low coverage

we conclude that Ag grows on the Cu {111} plane in parallel orientation

T

by the monolayer growth mechanism as expected on theoretical grounds. It

should be noted that high'energy electron diffraction patterns corresponding



to Fig. 3d have been attributed to the dislocation network resulting from

the mismatch between the Ag film and the Cu substrate.8’9

However this
interpretation is as unjustified as an interpretation in terms of a true
superstructure because the geometrical aspects of the pattern do not allow

distinction between mismatch dislocation networks, true and apparent

superstructures.

2. Sixfold Symmetry on Fourfold Symmetry -

If Ag is deposited onto a Cu {100} surface under conditions identical
to those used in the deposition of Ag onto the Cu {111} plane (see above), -
the pattern of Fig. 4d is obtained. On the basis of the minimum o criterion
& {111} orientation is to be expected, but it appears possible that a {100}
orientation would lead to smaller o This orientation however can be
easily excluded by comparing the theoretically expected pattern with the
observed pattern so that, of the two orientations considered, only the {111}
orientation remains. With the azimuthal orientation chosen in Fig. ba with
respect to Fig. Ub it gives perfect agreement with experimeht as the com-
parison of Fig. Lc and 44 shows. In Fig. bc double scattering of the Cu
beams with both orientations shown in Fig. b (Ag [112] || cu [110] and
Ag [112] |l cu [110]) is taken into account. ' No lattice distortion is
assumed in the construction. Therefore the superstructure spbts show
characteristic elongations as a consequence of the slight mismatch in the
Cu {110 directions. Some diffraction patterns clearly show the expected
elongations indicating that no pseudomorphy occurs. Our result is in
apparent disagreement to that of Farnsworth10 who concluded that Ag films

on {100} Cu are amorphous or at least so disordered that they do not



produce a diffraction pattern; a possible reason for this discrepancy is
that if parallel growth is expected the orientation observed by us can be
easily missed in a scanning type system vwhen observations are made only
in selected azimuths. The orientation reported here fits reasonably well

into the mutual orientation scheme for f.c.c. metals given by Shirai

et al.ll

Recently Tucker12 reported complex LEED patterns obtained from a
Rh {100} surface after heating in oxygen. He attributed these to a mis-
fitting monolayer of oxygen atoms or ions. Quadrants of the patterns are
shown schematically in Fig. 5a, b, after elimination of the distortion

produced by the deflection field. The patterns are very similar to Fig. lLe

/

and suggest an interpretation in terms of a Rh-oxide surface layer. If
Fig. 5a, b are interpreted in the same manner as Fig; bc, i.e. by a thin
surface layer with cubic structure, with its {111} plane parallel to the
surface and its [112] direction parallel to Cu [110) and [110], then this
" layer must have a lattice constant a = L. L0 X. Another interpretation
would be in terms of a layer with hexagonal structure with its (001) plane

]
parallel to the substrate and a = 6.21 A. Of the reported oxides (Rh203,
is known: It is hexagonal with

RhO, Rh20),13 only the structure of Rh203

a = 5,11 X, which is clearly incompatible with the diffraction pattern.
1k

Although it has been shown recently that only Rh203 exists in the bulk,
the existence of RhO and/or Rh

20 as a surface phase appears reasonable.

A probable structure for Rh, 0 is--by analogy with Cu,.0, Ag20 and Pb, 0--

2 2 2

the cuprite structure. If we assume a linear relation between the lattice

constants of the metals and their oxides, then aRh 0= . k3 K in reasonable
2




agreement with the value a = L4 L0 K deduced from the pattern. By analogy
with Cu,0, the {111} plane of Rh0 is expected to be an equilibrium plane
. and therefore parallel to the surface. This agreement between'experiment
and the expectations for a Rh20 layer, together with the unfavorable
energetics of Tucker's densely packed oxygen layer, makes the present
interpretation much more likely than the one originally proposed .
Another example for a superposition of sixfold symmetry and fourfold
symmetry is the (5x1) structure found on Au {100} and Pt {100} plzames.ls—18
As shown elsevhere in more detail, it can be attributed in the case of Au

to a thin layer of AuyNa or AwX with (111) AuyNa || (001) Au, [112] Au,Na I

2
[110] and [110] Au. Tt appears very likely that the same interpretation

applies to the Pt (5x1) structure.

3. . Sixfold Symmetry on Twofold Symmetry

One of the most complex LEED patterns reported to dateh’l9

is that
of carbon on the W {110} plane. It was originally attributed to a dilute

compound superstructure with composition W nC withn = 2 or h.lg We have

15
obtained this structure under conditions (heating in CHh) which are known
to lead to W2C formation on tungsten. Consequently only ch was considered
in the interpretation of the pattern. Fig. 6d shows the LEED pattern from
e specimen region in which only one of the two equivalent orientations is
formed. This pattern is not compatible with the orientation relationship
derived frqm X-ray studies of carburized wires.20 We have examined the
following orientations: (100), (010) and (001) a-W,C [| (110) W and

(111) 8-W,C | (110) W which is equivalent to (001) =W C l (1;0) W--as

long as only geometrical aspects of the patterns are considered--because

10



= 4,26 R = v2+2.99 A=/2

aa—W20’2 which is the condition for the
identity of the corresponding reciprocal lattice, The orientation rela-
tionship which agrees best with Fig. 6d is shown in Fig. 6a and b; Fig. 6¢c
shows the reciprocal lattice_of the superimposed crystaié. The corientation
relationship,referred to the cubic modification is (111) B-W,C Il (110) W,
[110] B-¥,C || [115] W, or referred to the hexagonal modification

(001) a-W,C {[(110) W, [100] e-W,C || [115] W. This orientation relation-

ship leads to a nearly perfect coincidence of the atoms with the following

coordinates in the contact planes (N, M being integers):

— /T \
atoms in W (110) plane: (000) N (113) M % %-Z—‘
. J

etoms in a-W,C (001) plane: (000) ~ N (320) M (1L0)
atoms in B-W,C (111) plane: (000) N ?/1—1— 3 1\5 M '/E L 2\
2 ) ' \227/ \22?

Jt should be noted .that the "superstructure" pattern of Fig. 6d is not the
only one observed in the system C-W {110}. We have frequently observed a
pattern which has the same periodicity in the [111] direction as Fig. 64,
but a four times larger periodiecity in the [112] direction. No effort has

been made to index this pattern.

Lk, Twofold Symmetry on Twofold Symmetry
The final example is intended mainly to demonstrate the difficulties
which are encountered when the composition of the surface layer is not
known reliably, when the crystal structure of the suspected compound has
a low symmetry, when the anisotropy of its surface energy is not known,
and when no orientation fits the diffraction nearly perfectly. Such a
pattern is that obtained on a W {110} surface when exposed while heated

above T00°C to sufficient oxygen so that more than 1/2 monolayer of oxygen

11



reacts with the crystal. This pattern, first reported by Germer and May22

as C(48 x 16) structure without further interpretation, is shown in Fig. Td.

" On the basis of its formation conditions we attribute it to WOE. WO. has a

on

(o]
pseudotetragonal orthorhombic structure with a = 5.65 A, b = 4.89 A,
2
c_ = 5.55 K, B = 120,k4°, 3 which deviates so little from the tetragonal
o

symmetry with a, = 4.86 8 (2 b ), ¢

o .
+ o ¢ = 2.TT A (= lBo _,ﬁol) that the projec-

tions of the reciprocal lattices of both structures practically coincide.

Ve have examined the following orientations: (100) o’ (010) . (OOl) , {100}
and (OOl) ll(llO) W with the result that no orlentatlon gave a nearly
perfect fit to the observed pattern unless lattice dlstortlons were assumed
but that several orientations were compatible with-the pattern if lattice
distortions of up to 6% in the axis lengths and up to 5° in the angle
between the axes were permitted and if it was assumed in some cases that
certain reciprocal lattice rods expected from the symmetry of the bulk
crystal were missing. The two most}probable orientations arrived at are
(010)o Wo,, | (110) w, [oo1]  wo, = Il {110] W ana (100), wo, | (110) W,
[012]t Vo, || [332] W. The second orientation relationship and the resulting
reciprocal lattice is shown in Fig. Ta-c. Distortions of 3.9% and 0% in the
b and ¢ directions respectively and of 1° in a had to be assumed. The same
interpretation can be given to the diffraction pattern revorted by Germer
end May22 as C(21 x T) structure, which is formed at higher oxygen doses or
upon heating the crystal showing the pattern of Fig. 7d at room temperature
above TO0°C. According to our measurements it has the same periodicity
along the rows of svpots and differs from the pattern of Fig. 74 mainly by

the concentration of the spot intensities in the environment of the tungsten

12



spots. A discussion of the differences between the two patterns will be

given elsevhere.

DISCUSSION

We have illustrated with some examples how '

'superstructure” patterns
can be interpreted in terms of double scattering between structures well
known from bulk crystal strucﬁure analysis, involving only minor lattice
distortions of the surface layers. As pointed out previously an analysis
of the geometrical aspects of the diffraction pattern does not allow
distinction between differ;nt structures which give rise to the same twoe
dimensional "superstructure"” periodicity, such as true superstructures,
misfit dislocation networks, and apparent superstructures formed by two-
dimensional coincidence lattices or as discussed here by structures known
from the bulk. As long és no reliable theory is available to interpret
the spot intensities in terms of the distribution of the atoms within the
"supersﬁructure" unit cell the choice between the various possibilities
has to be made on the basis of the formation conditions of the structure,
stability considerations, surface potential measurements, etc. On the
basis of such considerations we believe that the interpretations based on
known structures which we have given here are more probably correct than
those suggested previously for the same patterns. We suggest that all

"superstructure” patterns be analyzed in this way before they are ascribed

to exotic two-dimensional surface structures.
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Fig. 1.

Fig. 3.

Fig. &.

Fig. 5.

Fig. 6.

Fig. T.

FIGURE CAPTIONS

Schematic surface layer structures: (a) true superstructure (with
sixfold periodicity of substrate crystél, ¢ =6a); (b) apparent
superstructure (misfitting layer, 5b = 6a).

Reciprocal lattice sections: {a) superposition of reciprocal
lattices of two different structures; (b) reciprocal lattice of
the superposition of two different structures (50 = 6a).
Diffraction by sixfold symmetry on sixfold symmetry (Ag on Cu {111}
plane). (a), (b), end (c) reciprocal lattice of Cu, Ag and super-
position of Ag and Cu respectively; (d) diffraction pattern taken
at 60 V, |
Sixfold symmetry on fourfold symmetry (Ag on Cu {100} plane). (a),
(v), and (c) reciprocal lattice of Cu, Ag and superposition of Ag
and Cu respectively;v(d) diffraction pattern taken at 90 V.

(a) Should‘be rotated L45° to agree with the (a) - (c¢). The squares
and large full circles are due to the two orientations of the Ag |
layer, the small full circles are secondary scattering spots.
Schematic diffraction pattern obtained from Rh {100} surface after
heating in oxygen at 400°C according to Tucker,12 interpreted in
terms of epitaxial Rh,0. Open circles Rh, large full circles Rh, 0

2 2

in orientation I, full squares RhQO in orientation II, small full

circles secondary scattering spots.

Sixfold symmetry on twofold symmetry (W2C on W {110} plane). (a),
(b), and (c) reciprocal lsttice of W, W.C, and superposition of
W,C and W respectively; (d) diffraction pattern taken at 210 V.

2
Twofold symmetry on twofold symmetry (WO2 on W {11C} plane). (a),

(b), and (c) reciprocal lattice of W, WO, and superposition of

2
WO, and W respectively; (d) diffraction pattern taken at 80 V.
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Lineay Thods arnd Optimization

for X-Ray and Similer Spzctra

J, 0. Porteus

i

S. Naval Ordnance Test Station, China Lake, California

ABSTRACT

The problem of correcting x-ray spectra and
similar data for linear smearing or resolution loss,
i.e., unfolding, is reexamined with emphasis on accuracy
limitations. The édvantage of optimum smoothing or |
filtering in minimizing the effects of experimental
uncertainties is demonstrated by comparing three
methods when applied to & simple example. The related
roles of nonstationarity and the sample span in opti-
mization are considered in det2il with reference to
such common difficulties as fiattening of line peaks,
excessiva noise in line tails and spurious oscillations
near large chén ¢s in spectral intensity. Refinements
tending to alleviate these difficulties are discussed,
along with ultimate limitations. Also discussed is a

+

means of sampling integratced spectra, which is useful

> £

when the unfolding includes a differentiation, as in
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Linear Unfolding Mcthods and Optimization
for X-Ray and Similer Spectra
J. O. Portets

U. S. Naval Ordnance Test Statior, China Lake, California

INTRODUCTTIONW
The subject of unfolding or meking resolution corrcctions

to experimental data has received considerable attenticon in

o

the literature, especially in the field of x-ray physics.
Although many uscful methods have heen proposed, relatively
little attention has been given to optimization and ultimate
accuracy limitations. Although such considerations may be
of questionable practical dimportance when unfolding correc-
tions are small, the amplification of experimental uncer-
tainties which accompanies the large corrections often re-
quired in x-ray spectra demands the best accuracy reasonably

obtainable. An optimized method (OPT) desigred for such

"

. . . R 1
critical situations has been reported by the author. The

=

O
=
!

first aim of the prescent paper is to demonstrate the dnp
tance of optimization on the basis of comparative eccuracy

considerations, including both variance and expectation




valve of solutions. The benefits cof optimization can be

PR -

fully reslizcd only whe

»..4

—
A
i)
O

—
T
o

»roallowance is mede for the
nonstationary charvacter of x-ray srectra and for the ro-
strictions on sample span thus dmpcsed. A second aim of the
poper is therefore to analyze the roles of nonstationarity
and sanple span with possible dmprovement of OPT as an objoec-
tive. A thied aim is to develop & mecans of sampling for
integrated spectra, which is useful in application of OPT to
the unfolding of electron energy loss data measured by the
retarding field method. *

Basically, all unfolding methods provide solutions, with
varying degrees of generality, of the folding or convolution
integral equation

O(v) = S‘ [M(V,V—V‘) - EM(V,V~V’)] T(p')dpv' + EO(V)o (1)

-0

In the x-ray case O is an observed or measured spectrum, a
function of x-ray spectral frequency v; T is the true or
desired spectrum; M may represent the instrumental window or
any other smearing function which linearly limits the resolu-
tion of T. The terms EM and EO in the integral equation
represent the uncerteaeintics or noise arising from statistical
experimental inaccuracies in M and O, respectively.

IT the exact M—EM is given and depends effectively only

on v-v' within the v-interval involved in the unfolding of

any given spectral point, and if M dis such that T is uniquely

(9}

deternined by O~EO, Eq. (1) mey be solved formilly, giving




T(p) = S‘ V(iv,v-pv") [O(V’)—Eo(y*)jdv’, (2)

where th

w

approxination involves only the explicit v-dopendence
of M, as shown in the appendix. Although Eq. (2) may appeer in
different forms, the operator concept is applicable to 2ll
unfolding methods. lMorcover the opervators V associated with
all unfolding methods are eguivalent in principle in the

sense that all produce‘the same true spectrum when applied
strictly to O—EO, i.e., to O in the . limit of vanishing

noise. In this context it would appear that the most desira-
ble unfolding method is the one involving minimum labor in
computing V and applying Eq. (2) or its equivalent. In
practice, however, this is not necessarily the case since V

o When the EO tern

is included the equivalence of different unfolding operators

must be applied to O rather than to O-E

vanishes and the guestion of the optimum operator arises.
Further complexity is introduced when M contains an ur-
certainty EM’ which may also influence the optimization of V.

Such optimization with respect to E,, assumes maximum impor-

M

tance when detailed knowledge of the smeering function is
Y

poor, so that a solution with minimum sensitivity to error

within the limited specification of M becomes esszntial. In

is generally excluded in order to

the examples given here EM ¢

avoid nonesscntial complications in discussing the EO ternm,
which dis more sigrificant in most practicel situations.

However, Fy is dncluded in the ¢gencral discussicn and the
ot
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]
<
)
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principles dillustrated by the exanmples rems
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ect of cptimization is best demonstrated by
comparing OUT with non-optimum methods in solving & hypo-

thetlcal unfolding problem where the solution is krnown, as

S

in Figs. 1 and 2. BAs shofn schematically in the inset of
Fic. 1, the truc specetrum is taken to be a Lorentzien of
half-width g at half-maximum, and the observed spectrum is a
Lorentzian of twice this width. The smearing function, which
happans to be identicel to the truve spectrum in this example,
is assumed given. Unless otherwise stated, the observed
spectrum is hypothetically measured at intervals of 0.2p8 with
an uncorrelated rms error amoﬁnting to 1% of the Qbserved
peak intensity over the entire spectral region. This cor-
responds to the input noise level indiceted by the vertical
bar at the bottom left of these figures. Corresponding out-
put noise levels of the various solutions, as computed from a
variance analysis, are similarly indicated along the unfolded
curves. Figure 1 compares a method of iterated convolutions
(1Ic), apbarentwy originated by wvan Cittert,5 with OPT. 1In IC

the V

e

s @ sum of terms, each consisting of multiple convolu-
tions of M with itself. The highest multiplicity of convolu-
tions appearing corresponds to the order of approximation,
which number accompaniecs each of the XC solutions given in
the figure., Termination of the sum after a finite number of

terms is ecuivalent to the introducticn of & ora-parameter

. s . A N I ~ ., kN
lirear rmathenatical fdiiter, similar to that used by OFT,
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Such & filtere is chaorac O AnOO },‘y <o SO0 L‘I{J.Ilg function s

actually o special Type of

smearing luncticn, applied to the
observed spectrum in the unfolding process. The filter
parameter, wvhich determines the anount of smoothing or
filtering in both methods, is the appropriate order of APProxie-
mation in IC, while in OFT it is essentielly the signael-to-
noise ratio averaged over a finite range of v. The most

o

)
0]

significant difference between the two methods is the greater
.

inherent cfficiency of the filter in the OPT case. At the

peak of the Lorentzian, for example, the expectation value of

the IC solution deviates from the true spectrum by more than

the OPT curve thrdugh theeleventh order, while the noise

level excceds that of OPT after only the second order.

Figure 2 compares the derivative method (D) of Sachenko®
with the OPT method. Derivatives are evaluated by a finite
central difference calculation, which produces a weighted
average over a number of data intervals, the actual number
being depcndent on the highest order difference included.
This again leads to a linear operator formulation with the
maximum included orcder of difference acting as the parameter
of a linear mathematical filter. The zeroth order D solution
is in fact identdical with the first order IC solution, but

the termwise convercence of the former is morce rapid in the

higher orcers. As with CPT, proper filtering in D of each
data point is determined frowm caleuvlations on a local sample
of the obesezrvaed spectrun, 1.e., from the calculatad contral
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ditferences, vhose mognivude

S are comparad with nodise levels

. e B . - P LT v . o - R - P I
in Tne coriesponting soluiidons. Since no dndependent inter-

polation procedure is uscd in D, filtering in this case

-

LY .

depends to @ consideraeble degrece on the size of the datea
interval, The D curve din Fig. 2 was prepared on the basis

of a data interval of U.7#, which (at the Lorentzian pzak)

is the largest compatible with Sachenko's eichth order dif-
-~

03]

ference limitation.® Although for the most part this produces
a better solution then smaller incervals, the noise level is
generally excessive compared to OPT, as shown in the figure.
The expectation value of D on the other hand, except for ir-
regularities produced by the required changes in order of
approximation along the curve, compares reasonably well with
the OPT curve.

These examples demonstrate the difficulty of achieving
both small variance and accurate expectation, which always
tend to be incompatible in unfolding. Optimum choice of the

effective fi

]

lter parameters in anv given method can achisve

a balance between these two divergent aims, but only optimum

design of the filter dtself can insure the best possibility
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reverse is true.  Alsco, spurious oscillations tend to appear.
The source of these probloms lies larcely in the dnability

of the {ilter parameter to respond sufficiently to large
tocalizoed changes In the signel-to-noise ratlo. This effect,

which is associated with the nonstationarity of the obscrved
spectrum, occurs quite generally in unfoldirg. In both IC
and D, for example, thc effect is apparent in the fact that
a higher order of approximation is required near the
Lor&ntzian peak than in the tail rcegion. From the computa-
tional standpoint nonstationarity always presents a difficult
problem since it introduces into V an explicit v-dependence
which usually is much more pronounced than that associatea
with M., Tn the present work, however, attcntion‘will be
restricted to the theoretical aspect of the problem and to
the possibility din principle of reducing the residual de-

ficiencies in OPT resulting from nonstationarity.

THEORY

Before proceeding further it is necessary to review
carefully the origin of the stationarity approximation and
its limitations. The optimization problem in unfolding is
equivalent in many respects to that of optimum signal extrac-
tion in communication theory. Various formulations are
possible, the most comprehcnsive being in terms of statisti-
cal decision theor/.7 Figure 3 illustrates the uniolding

» from this point of view, Si

3

-~ 1 7
e T and

-
-

v

problam schomaticall



L = H-B. arc dndependent and never known exactly, thoey may

N

be regarded as woembers of statistical enscmbles whic

—

1ooccupy
the function spaces ,, and QL, respectively.,  These spaces

1 other through the convolution operation

e TS PR, S N \ =
COMLAnG VWit edc

(%) and then additively (+) with a third space occupied by

the noise EO to form the spacce FO associated with the obsarved

spectrum O. The ncasured or observed smearing function M,
which is also subject to statisticel fluctuations, occupies

the space Ih generated by the additive combination of QL

e The box repre-

sents a decision rule & into which are fed 0 and M and out of

space with the space occupied by the noise EI

which come decisions concerning the true spectrum, which oc-

m

cupy the decision space A. The decisions of interest herc,

. J_ a= .
of course, are actual estimates v of T.

Optimized unfolding amounts tc finding cptimum decision
rules, which first requires some means for evaluating such
rules, This is accomplished by chcosing, somezwhat arbitrarily,
a certain cost function and evealuation function. The cost

. . . . NS .
function, which is actually a functional of T and U, assigns
a certain cost or loss to each combination of dinput T and
- . . aNs . 1 ) P
decision J. An example is the quadratic cost function

o lm ‘N,{Z -
c(T,) = [T -7, (3)

which is used by OPT., Since statistical quantities are in-

volved, a means of averaging must be provided in order to

errive at the actuvel loss rating for each decision rule.. Tnis
is the purpcse of the evaluvaticn function, an exendle bring
the expectation or average value of the cost function, which
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functionals characterizing

4

spaces of Pig. 3, takes the form of

b

averago
istribution
the statistics of

an

(e
2

rating thus

densidtcio vwihiich are

the variious

average risk

R(7,1,8) =<C(L, 1)) =
S) g S‘ C(T;QUT(T)A(L)WO(OnLﬁT) (4)
/-»" k) b \?l
QT pL QO <M
X WM(MnL)deLdOdM,
where non-rendomized decision rules have been excluded. That
is, each given combination of O and M are allowed to producs

only one 9 with unity probability, so

a delta function and integration over

.

With this restriction minimization of

leads to the so-called Bayes estimator

that GCflO,M) beccomes
A space is trivial.
R with o

respect to

for T

S S‘ TT(L)A(L)” (O~ L'T)WH(M L)dmdaln

c\uB_\ (O>I"I) - "T“ :,.I:’...._.,..N . . (5)
TA
g 7(TYAN(INHV (0-L+T)V, (-L)dTdL
N M
QT QL

A difficulty with Bayes estimation,

. . B
serious one, is that & generally repr

operation on the observed spectrum.
fied consider

class of linecar operators.

which minimizes the average risk withi

3]

Introducing the linear operat

(

al

T

ably if the estimators are

a1

though not the most
escnts a nonlinear
he problem is simpli-

restricted to the

cecks the estimator
n this smaller class.
that U = V=0, the
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quadratic cost function of Eq. (%) becomes equal to L of 02T,

2
t
{ ]

If IL(y,p-') dis approxinoted

by L\VO,P—VY), the average risk

. S l . -
of linear estimators R pay be written explicitly,

R (r,n,0) =<E [v ,00m),20m ]

i

e G A ~ . A A .
3" § LG 210 Ve EHE(r e -1] ) x
-0 Y o

CH)TC () > + V() V(1) B (2)ES(21) )} %

yriv(z-z')y o
e? ( )ozdz‘, (€)

where ﬁ(z) denotes the Fourier transform® of F(v), super-

P
script ¢ denotes Qomplex conjugate, and the ensemble averages
are defined in the same way that < C(t,%) Y is defined in Eq.
(4). The mutual independence of L, T and EO has also been
used.

Minimization of R! involves the same principal difficulty
encountered in Bayes estimation, namely that the distribution
densities are not all known. 1In the case of 7(T), at least,
there is often no satisfactory way to obtain a priori distri-
butions from the physics of the problem. Furthermore, mini-
max estimation,7 which is sometimes applicable in such situa-
tions, here lcads to a trivial sclution with no smoothing.
Fortunateiy, there is a way of avoiding this difficulty if
one invokass the ergodic hypothesié.g In essence this hypo-
thesis permnits replacementvof ensemble averages by averages

over the independent variabhle, i.e., time in the communica-

tions casz and x-rey spoctrael freguency v oin the presant



problen.  However, a neccssory condition for crgodicity iy
that the functions involved must be generated by a rendom
stetionary process, e.g., an X-ray spactrum vith statisticilly
uniform (& priori) structure charecteristics for all spootiel
frequoncie;, Tt dis dmmedistely apparent that stationarity,
i.e., statistical constancy, is an idealization never com-
pletely achicved in practice. Nevertheless it is possible

to hypothesize a represcntative stationary process with
statistical properties corresponding to those of a given
nonstationary process at 2 certain value Y of v. The }

representative random stationary functicns (RRST) generatecd
by the representative stationary process are useful in deal-
ing with nonstationary functions in localized intervals of v,

since they have all of the convenient analytical properties

(

associated with stationarity. For example, if P(VO,V) is an
RRSF corresponding at Yo to the rendom function F(v) generated

. . . 10
by a nonstatiorary randorn process then
Yy Y , 5

S AcC o .
<F%V0,z) F (Vo,z’)> = AP(VO,Z) 6(z-z21), (7)
where 6(z-z') is the Dirac delta function; ﬁ(vo,z) is the
Fourier transform in the genceralized function sense of
F(vo,v), and where ﬁP(VO,Z') is the Fourier transform on the
variable v-pr' of the function AF(VO,V-V') of F(VO,V) definzd

by

A}.‘(Vo;V"VY) :<F(V0)V) F(V0>V‘>>° (8)



-~ v Ao . e

Also, it Toliows frcm the crgodicity of the representative
process that tho ensemble average in Eq. (8) is cquivalent lo
an averase over v, Thus AP(V(,V»V’) is an autocorrclation
i J
11 .. e . - PR
function, which can be related to sample properties ol TF(w)
through the RRSF,
Onc must now regard T and D, as func
pov)

random, but not necessarily stationary, processes in v,

(/ )

These functions are then approximated by their respective
RRSF's at v = v, in Eq. (6) so that-Eq. (7) is epplicable to
each. The function L(vo,v~v‘), already'used to approximate
L(yv,v-v') in Eq. (6), is & rather specialized RRSF at Vo
since stationarity is implied by the fact that L(VO,V—V') is
not explicitly dependent on v. lowever, the association cof
L with a stationary process on v-v' is difficult to justify
in the presence of the physical evidence usually available.
Ergodicity is therefore not invoked here, and QL sSpacs must
be constructed from physically probable smearing functions.
VThe ensemble averages involving L must then be regarded as
expectation values to be deduced from an experimental study

of M, i.e., by a posteriori methods. In the RRSF approxima-

tion Eq. (6) become

Rl('l':)v;é) & S\ | [_< l{}(l}()’z)ﬁ(vo,:];)“ll2> ?\T<V0,Z)

+ lV(V 2) | ﬁg(u ,2) ]z,
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where AT end A, are T

* i

epresenting T and B, respoctivily. The right hend side of



7 risk:  there 1s no

oo oactual averagoe risk

feed

in the dmnmedicte vicinity of » = Vo
Minimization with respect to V, which is now straightiorward,

. , . . b
leads to an optimum lincar stationary cstimator V w0 for

T
with corresponding approximating propertics, whore
N
b 1
Vi(y ,2) = rr———7<x X
0’ CE(vy,2) v
(10)

E < Lo 2 120 KB 500 17 Rp(vyn) }u

-+
| <8 .2 > |7 Ay ,2) | <Dy, > |2

Equation (10) is more general than its counterpart, Eq.
(OPT-13), but also requires more detailed information for

- . . e L 12 .
practical application. The first factor characterizoes

the actual unfolding, while the second factor is associated

with the smoothing or filtering. The product coperation in

Fouricr space implies a convolutiorn operaticen in direcct space,

although the dinverse Fourier trancsform of the first factor

ordinarily exists only as a generalized function.

The filtering factor in Eq. (10) contains three terms

within the square brackets, the first of which is unity. The
second term arises from EM and is relatively dndependent of
YV, when the explicit v-depenrdence of L is slight. Neverthe-

Jess the second term achieves its c¢reatest relative signifi-
cance in spectral regions containing much structurce. This

follows from the form of the third term, which is esscentially
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oomzastes of the of I relative Lo Uhat

Ihilaty of @ strong v o dependunce
in the third term, 1.¢., nonstationarity, along with the
general problem of cxtracting the nocessary information
concerning T, mokes this term particularly subject to in-
yne remainder of the discussion 1s

accurate cvalvation.

concerned almost cxclusively with this evaluation problen.

Tf L is such that 0 maoy be satisfactorily reprcsented
o
s maa D . . ) . . R
by a RREI, AT(VO,Z) is obtadinabl: in principle from

Ao(vo,v~v’), and AE(VG,V~V'), the autocorrelation functions
of 0 and I, respectively, in the RRSF approximation.. One

finds as a consequence of Eqs. (1) and (7),

. : ) ﬁo(v s 7 ) A (/ %) (1)
A (v ,z) = s 11
0 e Z)l?

where the assumed independence of T, L and EO and the assump-

tion that‘<EO(uO,V)> = 0 have been used. In consideration of

prectical c¢ifficultics in applying Eqs. (8) end (11) to samples
of O and o espocially the difficulties resulting from non-

m
ct
Q
t
[N
Q
I
0
5
cf
<
-
=N
o
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helpful to adopt simple models for T and

3
2

his amounts to adopting definite functional forms for
AT and AE; each having one or more adjustable parameters.
These autocorrelation paramaters then combine in the filter-
ing factor of Eq. (10), whevre thcy appcar simply as one or

more filter parvarm:ters. Furthermore, by uveing model functions,

the roquirsd evarvages ovar p Lrzcooms puch simpler to cvaluate

then the gencral form indicatcd in Eq. (€). An
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lengith oi the oval dnvelved dn those averages.

SRMPLE SPpIT

An averay

{
;

o over p used to determine any RF(VO,V"V*) de -

pends on the sample of F(p) over an interval ¢, called the

sample span, rather than on the single point Voo Such an
average therefore automatically assumes stationsrity of F(v)
over ¢. This assumption is emphasized in OPT by referring

to ¢ as the statdionarity region, butl samplc span is & more
tangible concept. There are two basic principles which
determine the proper ¢:

(1) Appropriate Stationarity. The RRSF's of T and E

0

must properly represent these functions throughout, but not
necessarily outside regions of » involved in the convolutions
implicit in Eq. (9). Otherwise the approximation of Eq. (9)

CY .

. b . .

becomes poor even at Voo end the derived V7 loses dts vaolidit
A general nonstationary rando

function F(r) and its RRSF arec, by definition, StuTlSL]Cdlmy

equivalent within any stationarity region of F(v) which in-
cludes v, Although the respective autocorrelation functions
arc therefore equivalent within ¢, the sample span must in-
clude sufficient information on F(r) for an edequate estimate
of AP(vO,V~V‘), the minimwr ¢ being dependent on thoe auto-

corrclation characterdisties of F(r). Wnen F(r) is not sampled

directvly, it is



function vhich ace significant. thus dn
estimat lag i, or its assccialed parenstors froem O, one must
consider “she characteristics of AD’ which in genezrel is a
broador functiocn than BT because of the smcaring.  Another

aspect of sampling inzdequacy concerns errors in the sample.

As ¢ dis reduced, the samnple vavriance of AP or 1its autocorrcla-

tion parancter(s) mey be expocted to increase beccause of the

increascd significance of experimental errors when averaging
°

over less data.

The practical origin of these principles may be demonstr
by an example based on OPT.

related between data points and to have zero expectation,

that AE i3 essentially a

5

G

Here E_ is assumed to be uncor-

0
SO

clta function. Consequentl AE

<
J 2

is a constant,
; o x ; > 19
AE(VC>L) = \h (L V) ) Ly, (a2
where Av is the data interval. The nodel feor T consists of

a Poisson-distributed v

line haviag sheape I(VO,V

(OP-17), (OPT-2

By ,2) = [ <a? >](Vo) | ¢

vhere n denotes the average number of lines por unit fre-
quency dinterval and a is the random arce under any line.

Both n ani &, es well &s the line shapo may be rcogarvdad as
nonstaticnary in v, The szeond term of Pg. (13) ds drrclavant

0), and E

andom

).

q.

1’

ray of spectral lines, each

A derivation based on Egs

(7) gives

) 17+ [nCad] (v ) 13

24
vosz) 78z,

(13)

ated

)
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thet fon a given ]ﬁ(lﬁc,z') the rolevart statistical proportics

of T arc complotely charecterized by tLho single autocorrceld-

P IR

I Sy DY . s N ' -y
tion peranclter [nl & j(p . By combining bgs. (i) to (135

chis parammtcr in terms of RO(VO,O) and

O (v Yy Lot ) <E] (v )
Br<a2>](y )=:»—~m~ﬁwwm—~mﬁww_wmw 0’ , (14)

4} v ©D o
. S- Ii(uc,z)la < lﬂ(vo,z)|2> dz

- O

which is a more general form of Eq. (0PT-14). Values of the

parameter En<<a2> ](VO) as a function of the sample span .C
are shown in Pig.‘(4) for three different situetions involv-
ing Lorentzian line spectra, as illustrated schematically

in the insets, where the solid circle represonts O(VC).

Two curves arce shown., 7The dashed curve represcents actual

L |

2 . .
values of n<a®) averaged over ¢, This ideal curve is do-

- -~

fron the number of lines idircluded within ¢ and their

!
-
R
Q.

v E

)

underlyiny areas, which arc generally not krown in an actual

practical problem. The solid curve represents the approxi-
mation to the das‘cd curve obtained by epplying Eq. (14) to
a sample of O(v) extending over the span ¢, just as in a

‘ s . \ 2N L
practical problem, but with L given and tnc<<EO> tern

neglected for simplicity. The beshavior of the dashed

curve in the top example illustrates the appropriste

w
s
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)
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s
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ty prircipls nost effcctively, With ¢ teo largs



the asauncd svavlonarilty 6L exels:

snmootiving.,  Thile ds
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average beohavior of T over teo large a region, much of which

T
is drrelevent to bohiavior near V- in this casc V. over-

smoothes. On the other hand, &s ¢ approaches zero, tThe

2 e P i} - . s ,b
actual n<a > approaches infinity, and the corresponding V
eventuailly undevsmoothes. The diffdiculty here is that, with

room

¢ too snall, the apparent behavior of T is not characteristic

of the c¢ntire region involved in the unfolding. In the center
and bottom examples an oversmoothing occurs when ¢ is too
oy < 2> P e L e S L .
small. Here, the actual value of n a may not indicate the
T . . s b .
presence of adjacent lines, in which case a V~ based on the
dashed curve smoothes over too wide a range. This range ray
in fact include the edjacent lines and thus distort the solu-
[ . 4 . 3 N s . - <2>
tion at Vo The solid curve, representing values of n\a
R s . s . C .
on which V~ is bascd in practice, is also subjcct to the
appropriate stationarity principle dnsofer es it approximates
the dashed curve. Jowever, an additional limitation on ¢ is
introduced in the failure of the epproximation at small o,
particulerly when v is near a line peak. Fortunately, the
failure of the approximation is normally such as to comrpen-
sate for the stationarity limitation at small ¢, although
this compensation is often too large. his ds evident to

the extreme in the top example where the infindite divergence
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Errors in the so0lid curve associated with nonzero values of

E. are ordinarily present but are not indicated in Fig. 4.

0]
Their possible significance at small ¢ is evident, however,
particularly in the center example.

The effect of the two principles in terms of the unfolded
spectrum is illustrated in Fig. (5). Here the example of Figs.
(1) and (2), where the observed half-width y at half-maximum
equals twice the true half-width B, is unfolded using differ-
ent sample spans. The points labelled OPT solution correspond
to the value T 90% of Fig. (4), i.e., ¢ = 12.6y, which is the
‘value given by the 90% 1imit criterion of OPT, The cﬁrve
labelled gverstationary solution corresponds to a ¢ which is
ten‘times greater, and thus amplifies the smoothing defi-
ciencies of OPT apparent in Figs. (1) and (2). These defi-
ciencies are related almost entirely to excessive station-
arity as discussed in connection with the top example of
Fig. (4), which explains the oversmoothing at the peak. A
similar argument applied to the center example of Fig. (4)
explains the undersmoothing in the tail. The curve labelled
undersampled corresands to a value of o which is one-tenth
of o 0%" This is in the region of ¢ where the solid curve of
Fig. (4) may depart strongly from the dashed. -The oversmooth--
ing at the peak in this case is therefore to be expected on
the basis of inadequate sampling. The tail region of the
undersampled curve, however, shows certain desirable pro-

perties, such as substantial fall-off in the noise level and
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curves in the center esximple of ¥Pig. (4), ond beceause tha
in this dnstancs Ttonds to compensate for dnsufficient
stationacity. Spurious oscillations in the taill region often
SCCompiny overstalionuaiity, and are produced by inadequate

explicit w-dependence of the unfolding operator V, which in

general is an oscillaeting funrction of v-v't,

REFPTHENENTS
It is evident from the preceding discussion that no
single value of ¢ can produce uniformly good results under
all conditions. Usuvally, soms improvemant over OPT may be
achiceved by reducing the sample spen to ©
the maximum of the solid cureve in the top example of TFic, (4).
Fven this peak criterion, however, which mirdmizes the smooth-

Fa
d

ing at the line peaks, docs not alone solve the problem of

d

(/)

{ D

oversmoothing in such regions. In fact, when the obserwve

=t

spectral “incs ave Lorentzian, o, cquals 7.0y and the dmprovoe-

ment over using Toocl = 12,67 is rather small, although it be-
o

comes quite significant for Caussian, and for some other non-

Lorentzian shapes. Although epparently rare in practice, it

scems impossible to completely execlude situations vhere the

appropriate stationarity principle, rathe
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5. Soioe sunersedine critecvion would thon be

o Jdmit on ¢ or liwmits on

7, howevoer, further impne

ment requircs the possibility of sample spans less than ¢y,
4

This possibility dis ifwvustrated, as we have scen, by the

principle of adequate sampling when applied to the obscrved

spectrum. Rpparcntly ons can rolax this restriction somowhat
°

by sampling a functicn whose avtozorrelation function is less

broad, e.g., the true spectrum. This suggests an unfolding

operation on O(v) before sampling. Preliminary unfolding is

also indicated in situations where repres entat10q of O by an

RRSF is inappropriate,so

.

An cxanple is where L is

(

indefinite integral of T. Even if T is a stationary process
in this case, 0 dis strongly nonstelionary since its expocta-
tion valus chenges monotonically with v, This example occurs

in practice in the unfolding of electron energy-loss spect
ho] J_/

-

2

by the retarding field method.
.o : iy eyl r N i B . < 2 >
Consider now the possibility of determining n\a by
o7 £ K] - — Lo ! > I- ,/ > 1.
sampling a spectrum other than O(v) from which L, has been
unfolded; or better still, from which has been unfoldled

s N \ . 13 . ]
<]Q> “T, the full observed linc-srnepe function. The latte

v

=

approach makes more elfective use of the a priori inio ormation,
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the model, including the inherent line-shape function I(vo,v).
For example, such a spectrum is obtained by applying to O the

‘preliminary linear unfolding operator Q defined by

A 1 |
Qv _,2) = % X
0 Kiry,2)> 1(v,,2) (15)
[ <R,z 1*>- <L ,,2)> 1* av,) -1
14 + ;
| <L(v,,2)2 |2 Ii(uo,z)<£(vo,z)>|2;
| z # 0.

The smoothing factor here is of the form occurring in Vb-when

“the OPT model is used, i.e., of the form appearing in Eq. (10)

when Eqs. (12) 4nd (13) are used, with(Eé) Ay/[n(a3>] Tre-
placed by the preliminary smoothing parameter q. Equ;ation'

(14) is now replaced by

[ <a®> 10, = | 16)

< laxoery, )] > K @e0(ry ) > KBy, 1) D & f_w lacr,,2) 11z

.6

S v ,,2)30,2)1* < 1,2 [*D az

- 00
This expression relates the autocorrelation parameter which
characterizes T to the preliminarily unfolded spectrum QxO,.

One now uses Eq. (16) to prescribe the values of n‘<aa>'to

use in the final optimum unfolding operator Vb. The dependence

of n<{a*) on Ey» as well as on EO’ becomes more apparent if the

integral in the denominator of Eq. (16) is expressed 'in terms

of |<<£(v°,z)> Iz plus a correction term. Generally both EO
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a ¢given obsenved line shope. Thus ¢ ds cgedin 1d

adequate sampling principlce, but now only by the sample.croon
aspect of this principle. The limitation on ¢ here is of a

fundamental nature, since 3t depends ultimately on the expari-

cen be varied by preliminzcey unfolding., The broadncss of Uhe

a

avtocorrelation function chovacterizing Q:0 d

hence 1s also liwmited by ITooand k..
SO T

Figure € compares a sclution obteinzd using prolinin

unfolding, designeted as refincd 00T solution, with the
O solution of Figs, (1) end (2). The preliminery smoolring

paramcter q(v ) was clh cach point of the curve to cor-

- ¢

. ] 1. .
to a 20% relative Tms error lign\ea > ]1n the value of

[aB

respon

2 ey . .
11<51 > as obtainad from Eq. (1&). The corresponding rms ¢rron

in the solution is thereby restricted to about 10% or less of

the rms crror arising directly from the EO noise, which is

indicated in the figuwe. The rclationship hotuveen q(vo) and

{E:rx<afz>J ves neo
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(17)

¢ (v
P( 0) 19 .
R Tt S I I (1.8)
» -Lnog(v )
¥ SR
Values of oy, range from 1.5y at the peak of the curve to 2y
at p = 5£ in the tail. Preliminery unfolding on the basis
o8 ro S 2 o . . . e
of & fixec [_h:n<a >:} thus not only permits a reduction of ¢,

but provides the additional flexi

The refined optimized solution of Fig. 6 r

best solution possible with & one-paramcter 1

based on the level of a priori information a

<
p

Lven here, the true curve docs not aluays f

‘.‘."\ fe)

the

-

rms noise associated with corrected curve

the quadratic cost function used liere the tot

given by the square root of the average risk F

which dincludes the antdcipated distortion or

1G

the rms

=

L

teken into considora

Vhen this is

,‘

ey includ

of the refined optimum solution citl

4 e

or come very close to it at all points. This

3

Tima represent
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es te tetal error from the risk

portant advantege oi the OPY approach.

At this stage onz can only speculate on
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Fig. 3.

Fig. 4.

Fig. 5.

33
Schematic relationship of function spaces and de-
cision rule in the unfolding problem.

Demonstration of the two principles which- determine

~the sample span ¢ for three different situations in-

"~ volving Lorentzian line spectra. The solid circle

in the inset indicates in each case the particular
observed data point O(vo) to be corrected.’ The
dashed curve, which represents actual values of

n<(az>>averaged over the interval ¢, governs the

‘determination of ¢ on the basis of stationarity

alone., This curve approaches infinity in the top
example and peaks at 1.15 on the ordinate scale of
the bottom example. The solid curve, which shows
values of nﬁiaz>'obtained from o-interval samples of
o(v), asvin practice, governs‘the determination of @
on the basis of both appropriaté stationarity and

adequate sampling as explained in the text. .The

-values of ¢ designated by the subscripts 90% and P

are those which correspond, respectively, to the 90%
limit criterion at OPT and to the peak criterion of
the present work.

Improperly unfolded spectra, again using the simple

example of Fig. 1. The long-dashed curve violates

the appropriate stationarity principle, while the

Short-dashed curve violates the adequate sampling

o principlé. The solution given by the optimized

method of the author (solid circles) is included

for comparison. Vertical bars again indicate .

rms noise levels.
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Foints of the jteretive convolubtion solution (fifth

solution arc
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